Introduction
Composite materials fabricated by combining two or more different materials are widely applied in engineering for their advantages which are not attainable by any single engineering material. However, extensive amount of interfaces between two different materials exist in such composite materials which will possibly lead to delamination under thermal loading. For some cases, delamination migrates to the adjacent interface in terms of a inclined crack terminated at the material interface [1] . According to the previous study, it is known that not only stresses but also heat flux density possess singularity in the vicinity of a crack tip [2] .
Many contributions have been reported in existing literatures. Kou studied bimaterial interface crack between two semi-infinite dissimilar media subject to uniform heat flow, and obtained the temperature distribution [3] . Chao and Chang investigated interface crack between dissimilar anisotropic media based on the Hilbert problem formulation and a special technique of analytical continuation, and obtained the analytical solution for steady-state heat conduction problem [4] . Chao et al. studied heat conduction of curvilinear cracks in bounded dissimilar materials with heat source [5] . Marin proposed an invariant method of fundamental solutions to investigated 2D steady-state anisotropic heat conduction problems [6] . Hasebe and Kato reported a closed-form solution for the bonded bimaterial planes at two interfaces subject to different temperatures [7] .
For more general problems numerical methods such as finite element method (FEM) and boundary element method (BEM) should be employed to get numerical predictions. Ling and Yang proposed a virtual boundary meshless with Trefftz method to investigate the two dimensional (2D) steady-state heat conduction problem for cracks and the heat stress intensity factor can be simply calculated [8] . Zhou et al.,
proposed a new numerical method for study of steady-state thermal conduction problem of bimaterial interface cracks [9] . Yosibash and his collaborators investigated systematically on the steady-state thermal conduction problems with singularities, numerical solutions of the generalized flux intensity factors(GFIF) were obtained based on post process operations in conjunction with FEM [10, 11, 12, 13] .
Yvonnet et al. investigated the Kapitza thermal resistance between two three dimensional (3D) dissimilar materials by using extended finite element method (XFEM) in which the temperature jump across the interface can be captured accurately with the aid of analytical solution [14] .
The symplectic dual approach for elasticity [15] was widely applied for studying crack problems analytically and the analytical symplectic eigen solutions for bimaterial crack [16] , crack in pizeo-electric material [17, 18] , and multi-material cracks under mechanical loading [19] were obtained. Based on the symplectic eigen solutions, a series of analytical singular elements were constructed for the numerical study of cracks [20] , fatigue crack growth [21] , cracks in Reissner plate [22] and Dugdale cohesive model based cracks [23] . Leung et al. employed the symplectic dual approach to the study of steady-state thermal conduction problem analytically and numerically [24, 25] . And for the case of inclined crack terminated at the material interface, the states of stresses and temperatures are even more complex. As a result, it brings significant challenge on both analytical study and numerical modeling of the progressive damage in composite materials under thermal loading.
In the light of existing numerical methods for steady-state thermal conduction with singularities, the combination of near crack tip asymptotic solution and conventional numerical methods such as FEM brings many advantages. The rich information of thermal variables expressed in terms of eigen solution should be applied to benefit the solving accuracy and efficiency. Motivated by this, the present study first attempts to find the analytical symplectic eigen solution of steady-state thermal conduction in inclined crack terminated at bimaterial interface. A symplectic analytical singular element (SASE) is also developed for numerical simulation.
Fundamental equations
Considering an inclined bimaterial crack terminated at the material interface as shown in In terms of steady-state thermal conduction problem, the relationship between temperature and heat flux densities in material i M can be specified by:
Typical boundary conditions at the crack surfaces are combinations of specific temperature and/or heat flux density, and the standard homogeneous boundary conditions can be summarized as (i) prescribed temperature:
(ii) prescribed temperature and heat flux:
(iii) prescribed heat flux:
The subscripts " 1 ", " 2 " and " 3 " will be omitted hereinafter except where it may cause confusion. 
Symplectic eigen expansion
Making the variation with respect to S θ gives
Substituting S θ into the variational principle to eliminate S θ gives
Then make the variations of Eq. (11) with respect to T , r S respectively, the symplectic dual equation can be specified by
In the symplectic dual method, T is also recognized as the configuration variable while r S the dual variable. Introduce 
where µ and
are the symplectic eigenvalue and the corresponding eigenvector.
Depending on different crack surface boundary conditions, zero eigenvalue and the corresponding eigenvector may or may not exist for the current study, and they should be treated separately. For nonzero eigenvalues, the above symplectic characteristic equation can be solved and the general solution of eigenvectors can be specified by
where
is the vector of undetermined coefficients. Substituting the above eigenvector into the compatibility conditions Eq.(2) and Eq.(3) at the interface gives
It is easy to found that the coefficient vectors 2 F and 3 F can be expressed by using 1 F explicitly and the general solution of eigenvectors 2 ψ and 3 ψ can be expressed as
The solution of the original problem can be given in the form of symplectic eigen expansion
where the superscript " ( ) j " is introduced to represent the -th j order eigen expanding pair, and (19) . Following the definition of the generalized flux intensity factor (GFIF) by Ref. [12] , the expanding coefficients
are also recognized as the GFIFs. According to Eq.(19), the analytical solution can be obtained after solving all the unknown GFIFs.
The unknown eigenvalues and the vector 1 
The eigenvalue should be decided by the boundary condition on 3 3 θ α = , substituting the eigenvector into the boundary condition on 3 3 θ α = gives
and the symplectic eigenvalues can be solved from the above equation.
Symplectic eigen solution
The eigenvector corresponding to zero eigenvalue can be obtained by solving
found that zero eigenvalue doesn't exist if at least one crack surface is constrained by prescribed temperature. For nonzero symplectic eigenvalues 0 µ ≠ , substituting the expressions of the eigenvector into the boundary conditions at crack surfaces and expand Eq. (22) will give the characteristic equation.
And the nonzero symplectic eigenvalues can be obtained by solving the characteristic equation.
The characteristic equations for the three boundary condition cases are listed as follows:
(i) for prescribed temperature Eq.(6), zero eigenvalue does not exist, and the characteristic equation for nonzero eigenvalue is specified by ( )
The eigenvectors for this type of boundary condition are given by 
(ii) for prescribed temperature and heat flux Eq. (7), zero eigenvalue does not exist, and the characteristic equation for nonzero eigenvalue is specified by
The eigenvectors for this type of boundary condition are given by (1)
which is a temperature filed with a center heat generation. It can be proven that the second grade of Jordan form does not exist and the Jordan chain breaks here. For nonzero eigenvalue, the characteristic equation is specified by ( )
The expressions of the corresponding eigenvectors for this type of boundary condition are in the same form with the case (i) given above in Eq. (24)- (26), but it should be noted that the nonzero eigenvalues for these two cases are different, so the explicit forms of the corresponding eigenvectors are different after substituting the eigenvalues into the formulas given in case (i).
After all the symplectic eigenvalues are obtained, the symplectic eigen expansion Eq.(19) can be given explicitly by substituting the symplectic eigenvalues and the corresponding eigenvectors listed above. The characteristic equations can be solved numerically by using Newton iteration method.
Symplectic analytical singular element (SASE)
In this section, an analytical singular element for steady-state thermal conduction problem of bimaterial crack is constructed as shown in Fig.2 . The interior fields of proposed element are described by using the analytical symplectic eigen solutions, hence it is termed as the "symplectic analytical singular element (SASE)". Taking advantages of the proposed SASE, numerical solution of GFIFs can be solved. The present singular element with radius ρ is connected with the surrounding conventional elements through the "export nodes" which are evenly distributed on the element's circumference as shown in Fig.2 . The node indexes are arranged from 1 to P as illustrated in Fig.2 , and the number of nodes is not limited to a specific value, more export nodes will benefit the solving accuracy.
Choosing the first finite expanding terms (here we choose the first P terms) from Eq.(19) as trial functions: 
The superscript " * " represents trial function to distinguish from full eigen expansion Eq. (19) . In this way the unselected expanding terms in Eq. (19) are ignored and will introduce error as a result. But when sufficient expanding terms are selected the resulted error can be limited. Rewrite the trial functions in the form of matrix gives:
where 
and L is the transform matrix specified by
The unknown expanding coefficients can be expressed by the nodal temperature as
Hence the interior fields can be expressed by using the nodal temperature as
The above formulas can be generally recognized as the "shape functions" in the frame of FEM although they are not standard polynomial forms of FEM shape functions. Substituting the above trail functions into the variational principle Eq. (11) 
Taking advantage of the above variational principle, the stiffness matrix can thus be derived and specified by ( )
Notice that the integration domain for each material is from 0 to i α in the sub coordinate system i i OC θ .
Assembling the stiffness matrix into the global stiffness matrix, then the original problem can be solved numerically.
Discussion
The calculation method of GFIFs and the integration of the proposed SASE should be discussed separately. According to Eq. (42), it can be found that the integration for the proposed 2D circular element is done over its circumference (which is a 1D domain), and this feature of the proposed SASE simplifies the integration procedures compared with conventional 2D elements. Furthermore, since all the components in T f and r f are given explicitly, the integration can be done analytically without any difficulty.
After solving global equation of the FEM system, the nodal temperature can be solved, and then the GFIFs can be solved directly by Eq.(39). Hence, the complex post-processing is unnecessary in the present method.
Modelling
Cracked disc: Consider a unit disc as well as the FE mesh as shown in Fig.3 . The boundary conditions on the lower crack surface 1 Γ and upper surface 2 Γ are specified by
And the boundary condition on the circular portion R Γ of the disc is specified by
In the FE mesh, the crack tip area is occupied by the proposed SASE while the other areas are meshed by using conventional isoparametric bilinear elements. The characteristic equation of symplectic eigenvalue for the present problem can be obtained from Eq.(27), and the eigenvalues can be solved analytically and specified by (2 1) / 4, 1,2,3,...
The approximate solution for this steady-state thermal conduction is specified by [12] : 
In Tab.1Error! Reference source not found., the predictions of GFIFs are listed and the convergence studies on the number of export nodes of the proposed SASE are also illustrated. It is found that when 17 export nodes are used the relative error is less than 2.0%. But when the number of export nodes increase to 31, the present predictions are very accurate and the relative error is negligible. In   Fig.4 , the contours of heat flux densities with unit thermal conductivity are illustrated, it is shown that the distribution of heat fluxes is very smooth and strong concentrations in the vicinity of crack tip can easily be observed.
Bimaterial cracked disc:
Consider a cracked disc which is composed of two different materials as shown in Fig.5 . Specially, the bimaterial crack locates along the material interface is also considered.
The boundary conditions are kept the same as the above single material cracked disc. The thermal conductivities are 1 2 / 1/2 k k = and the vertex angles satisfy 2 α π = , 1 3 α α π + = .
For the special case shown in Fig.5(a) respectively. It is interesting to find that q θ is continuing over the domain but r q is not. Besides, the value of q θ on the lower crack surface are zero. According to these numerical results, it can be found that the present method strictly satisfy the requirements of the compatibility conditions Eq.(3) and (4) on the material interface as well as the boundary condition on the crack surfaces. In addition, thanks to the advantages of the proposed SASE, the predictions around crack tip fields are very accurate. 
Bimaterial inclined edge crack: Consider

Conclusion
The steady-state thermal conduction with singularities resulted from inclined cracks terminate at the material interface in composite structures is investigated systematically. By using the symplectic dual approach, the analytical symplectic eigenvalues are obtained, explicit forms of the symplectic eigen solutions are specified. Then, a novel symplectic analytical singular element (SASE) is constructed based on the obtained symplectic eigen solution. The interior fields of the proposed SASE are accurately described by the higher order symplectic eigen solutions, therefore the generalized flux intensity factors (GFIFs) can be solved with highly solving accuracy. According to the numerical results, it is shown that the solving accuracy of the present method is satisfactory when 17 export nodes are used. And when 31 export nodes are used the relative errors are negligible. In addition, the GFIFs can be solved directly without any prost-processing. The present method can be further extended for the thermal conduction problem in anisotropic materials, and it will be reported in the future.
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